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Local heterotic geometry in holomorphic 

coordinates 

Guy Bonneau* Galliano Valent* 

Abstract 



In the same spirit as done for N=2 and N=4 supersymnietric non-linear a models in 
2 space-time dimensions by Zumino and Alvarez- Gaume and Freedman, we analyse 
the (2,0) and (4,0) heterotic geometry in holomorphic coordinates. We study the 
properties of the torsion tensor and give the conditions under which (2,0) geometry 
(^ • is conformally equivalent to a (2,2) one. Using additional isometrics, we show that 

^^ . it is difficult to equip a manifold with a closed torsion tensor, but for the real 4 di- 

mensional case where we exhibit new examples. We show that, contrarily to Callan, 
f^ ' Harvey and Strominger 's claim for real 4 dimensional manifolds, (4,0) heterotic 

^T . geometry is not necessarily conformally equivalent to a (4,4) Kahler Ricci flat geom- 

etry. We rather prove that, whatever the real dimension be, they are special quasi 
Ricci flat spaces, and we exemplify our results on Eguchi-Hanson and Taub-NUT 
metrics with torsion. 
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1 Introduction 

In 1979, B. Zumino [|l| proved the importance of complex geometry for the study of 
supersymmetric a-models. In particular, using holomorphic coordinates, he showed that 
N = 2 supersymmetry in two space-time dimensions requires the bosonic part of the 
Lagrangian density to be built on a Kahler manifold. The work of AIvarez-Gaume and 
Freedman has generalised this approach to N = 4 supersymmetry which was shown to 
require hyperkahler manifolds [H- The heterotic supersymmetries lead to generalisations 
of the aforementioned geometries : in the (2,0) 0, || and in the (4,0) cases |^, |], 0, |^, 
it was shown that one needs target manifolds with torsion. It is the aim of the present 
work to analyse the properties of such manifolds equipped with torsion using holomorphic 
coordinates. 

In section 2, we recall the necessary and sufficient conditions on the target space metric 
and torsion tensors for (2,0) heterotic supersymmetry and express them in holomorphic 
coordinates. Various geometrical objects are then given in such coordinates, in the same 
spirit as done by Alvarez-Gaume and Freedman and Hull |^. A torsion potential b^^, 
and a vector V^ (dual of the torsion tensor in the special case of 4 real dimensions) are 
then introduced and used to express the relevant geometrical objects. 
We then analyse the necessary and sufficient conditions under which, given a complex 
Riemannian manifold of real dimension 2N, a (2,0) heterotic geometry (metric Qf^i, + 
torsion) and a (2,2) one (Kahler metric g^^, no torsion) have conformally related metrics : 

_ -2/ 

This appears to be a very restrictive condition as the conformal factor has to be a real 
function, harmonic with respect to the Kahler metric laplacian, whatever the dimension 
of the manifold be: 

Ae'^f = . 

In order to describe geometries leading to one-loop finite non-linear a models in two space 



time dimensions, following Friedan [10| in the torsionless case, Friedling and Van de Ven 



rT| introduced " generalised quasi Ricci flat" metrics through [| : 

3 W^ and x^l such that Ric(^^y) = V[fj,W^) 

R^cy,,] = \t',.W, + V^,Xu] . (1) 

We then express these conditions in holomorphic coordinates and also discuss the condi- 
tions that restrict the holonomy group from U(N) to SU(N) : indeed, it was argued by Hull 
[Q that such a requirement is necessary for off-shell one-loop finiteness of (2,0) non-linear 
a models in two space time dimensions. We show that the metric has to be a special 
"generalized quasi Ricci flat" one Q 

Several examples of metrics with special isometrics are then constructed in Section 3. 
Despite the large isometry groups considered, which enforce conformal equivalence with 

^ Ax[^jj]p = \{A\f_„jp - Axufip) a-Tid Ax{pu)p = ^{Axp^p + Axupp)- Moreover V^ is the ordinary 
covariant derivative with the symmetric ChristofFel connection. 

^ Xm ~ ~W^l. where Wp is related to the trace of the torsion tensor. 
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the Kahler torsionless case, (2,0) supersymmetry is not sufficient to define uniquely the 
metrics and several examples of supplementary properties are analysed. In particular, we 
generalise the (torsionless) metrics of LeBrun |]12| which have a vanishing scalar curvature, 
to target spaces with torsion and obtain as a special case an easy derivation of Eguchi- 
Hanson metric with torsion f\ directly in holomorphic coordinates. Unfortunately, despite 
their conformal equivalence with regular Kahler ones, all the metrics we obtained are 
singular. 

Section 4 is devoted to (4,0) heterotic geometry. The necessary and sufficient conditions 
for (4,0) supersymmetry are given (as shown in 0, they are slightly less restrictive than 
often asserted ( see for example [§[)), and we prove that in any 4N dimensional case, the 
metric has to be a special " generalised quasi Ricci flat" one where the vector V^ depends 
on a single complex function F. We also show that scalar flatness is obtained on general 
grounds only for 4 real dimensions. 

We then analyse the possible conformal equivalence of such metrics with torsionless hy- 
perkahler ones involved in (4,4) supersymmetry and show that, even in 4 real dimensions. 



contrarily to Callan et al.'s claim Jill, (4,0) world sheet supersymmetry does not imply 
that the corresponding metric is conformally equivalent to a Ricci fiat Kahler one. 

Section 5 is then devoted to a detailed study of Eguchi-Hanson and Taub-NUT metrics 



with torsion []T^ in holomorphic coordinates. While Eguchi-Hanson with torsion is indeed 
conformally equivalent to its torsionless counterpart, this fails to be true for Taub-NUT 
with torsion. To conclude some remarks are offered in Section 6. 

2 (2,0) heterotic geometry in complex coordinates 

2.1 Generalities and notations 

As explained in the introduction, we consider 2N real dimensional complex Riemannian 
manifolds with torsion and assume that the metric is hermitian with respect to the covari- 
antly constant complex structure J and that the torsion tensor three form is closed. These 
conditions are necessary and sufficient to build a (2,0) supersymmetric a model with a 
Wess-Zumino term 0. All these hypothesis write : 

- distance : 

dr^ = g^udx^dx", Qf^y = g^^ (2) 

- torsion : the torsion tensor T^^p = g^^^jT^ is fully skew-symmetric and its associated 
three form is closed 

T = -Tpypdx'' Adx" Adx'', dT = (3) 

- J'^ is an almost complex structure : 

j;:-j^ = -K (4) 

- integrability condition on J'^ to be a complex structure : 

N'p. = Jiid^J'u - d.J{) - (/. ^ z.) = (5) 



first obtained by Delduc and Valent Wc 
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- hermiticity : the metric is herinitian with respect to the complex structure 

9^.xJu + Jiaxu = (6) 

which is equivalent to the statement that Jf^^ = Judcrv is skew symmetric and therefore 
locally defines a two-form : 

CO = -J^udx'' Adx" (7) 

- covariant constancy of J^ : 

D.Ji:^ d^J^ + TlJ^-Tt^r, = (8) 

(The connection with torsion is taken as F^^^ = 7^^ — |T^j^ where 7^^ is the usual symmetric 
Christoffel connection). As a consequence of equ. (|]), the integrability condition (|^) 
reduces to an algebraic constraint on the torsion : 

Nn. ^ ^A - J^j^n. + (j^Ti - JtTi^)j:^ = (9) 

( compare with equ. (21) of § ) and then one obtains : 



-r^/^pj;'rfx^ A rfx^ A dx" = - 



,,f ^,,1 ^J 



duj = --T^,^pJ'^ dx^ A dx" A dxP = -T^'u'p'J';, j; j; dx^" A dx"" A rfx" (10) 



In the absence of torsion, equations (0,^,|^J|) define a Kahler manifold. 

In the following, due to (^^, one can choose a coordinate system where J is diagonal 
and constant. The real coordinates x^ being split into the complex ones z^ and ^*, one 
has: 

{4 = J| = 0, J^ = -ji = tS]]^ {J,^ = J^^ = Q, J.. = -J.^=^g^.y (11) 

2.2 The geometrical objects in complex coordinates 

In these complex coordinates, equation (H) gives : 

9ij = 9ij = 

The distance becomes : 

dr'^ = 2gij dz'dz^ (12) 

and the complex structure two-form 

uj = igijdz^ A dz^ (13) 

The covariant constancy of J then implies : 

(8) => rf, = q, = rj, = rj, = (i4) 
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Using the well known expression of the symmetric connection 7^^^ corresponding to the 
hermitian metric g^y : 

1]k = Ikj = 2^*' [^'"'^J ~ ^3''''^ 

in = (15) 

and conjugate expressions for 7^^, equations (|14|) give : 



-'-ijk -'-ijk U 

Tifk = gfkj - gfk, 

jk ~ Ijk ~ 2^jk —9 9klj 



Tk = % = 9%,ik - 9fk,^ = H-k (16) 



Of course, the algebraic constraint (y) is identically satisfied. 
The closedness of the torsion, equ. (j^), then writes : 

V^ijkJ ~ Tifl^k\ ~^ [^kTi,j ~TkTj,i\ = (17) 

or equivalently : 

9i[kJ]j = 9j[kJ]i 
Eg nation (p!?!) can also be written : 

D\[T-k]ij + DijT^i,i = T^jT^-^i - '2^T^[tTt]vj where i/ = (n, n) . (18) 

The closedness of the torsion may also be solved through the introduction of a skew- 
symmetric torsion potential h^y (0) : 

or, in complex coordinates 

T - = h - — h - -\- h - 

jj'fc jk,i ik,j ~r ij,k 

Equation (0) then implies the existence of a vector potential (xi, xi) ^-iid of a "gauge" 
freedom {vi,vi) such that [^,0 : 



^ij ~r 9ij ^j,i ' 



«J 



Due to equation (jT^), the Riemann tensor defined by 

''upa '^p^ ua '^ ^ Xp^ ua 



Riip„ = dpV^y, + r^r^, - (p ^ a) (19) 



As usual, a comma indicates a derivative with respect to the coordinate. 
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has many vanishing components in holomorphic coordinates 



R 



-jkX 



R 



jkX 



. 



(20) 



The surviving ones are 



and similar expressions for R 
The Ricci tensor 

then writes 



Rjkl 


= -g'^'idjTkin - 2T^0i],fi,j, 


i pi 
'jkl — ^jlk 


= -dlT], - D^;j + TlTl 


^M 


= 9''"'[dnTkTj - '2T^k9T]m,n 


for 4.,. 






Ric^y = R'^^„ 


icij = DiTj^j + Tj^T^fc 



(21) 



(22) 



Riccj = a^ajlogdetll^?!! + D^n- - T^Tj, 

(for vanishing torsion, one recovers the usual results [^) . 
We introduce the vector : 



(23) 



1 / T/. — T'^ 

^ fi — 2 p- p ^^ \ V- — T^ 



rpk 

ki 

'~rk_ 

ki 



and obtain, by contraction of the closedness relation ([T8|), 



(A^ + DjV{) + (DfcT^ + Ds7|) - 2(7^14 + I^V^ + 7^1: 



krpl \ 
jk) 



and 



Moreover, as a consequence of equation ([T6|), we find : 



(24) 

(25) 
(26) 



D[iT-k]ij 



-0[i^i]fer 



which gives by contraction 







(27) 



Using these equations, the Ricci tensor may be expressed in holomorphic coordinates as : 
RiCij = DjVi, + 2di^j] 
RiCij = DjVi. + ^[d,id-j\ogdet\\g\\ - 2Vj) + dj{di\ogdet\\g\\ - 2Vi)] . (28) 



Finally, the scalar curvature 



R = g'^'Ric 



fU/ 



writes : 



R 



2g'- 



9,9jlogdet||(7|| + 2W] - ^{D^V-^ + D-V,] 



(29) 
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2.3 Generalised Quasi Ricci fiat metrics 



For further use, we recall that in |T0[, Friedan defines "quasi Ricci fiat metrics " through 
(no torsion) 

3 V^ such that RiCfj,„ = D^V„ + D„V^ 

Such geometries lead to one-loop finiteness for the D=2 non-linear a models built on such 
target space metrics. They have been studied by Bonneau and Delduc and some explicit 



expressions have been obtained [|15[. Here, in the presence of torsion, the Ricci tensor is no 



longer symmetric and, following Friedling and van de Ven W^ , we define "generalised quasi 



Ricci fiatness " by the same one loop finiteness requirement. This leads to the definition : 



3 Wf, and Xm such that Ric^^u) = V(^iy^) 

^^qn = Itp^w, + V[,Xu] (30) 

In this (2,0) heterotic geometry, conditions (0) simplify to : 

Ricf^ = D-Wi + dyi{W + x)]]. (31) 

2.4 SU(N) holonomy and generalised quasi Ricci flatness 

Let us recall that the holonomy group of 2N dimensional (with or without torsion) man- 
ifolds with a covariantly constant complex structure is a subgroup of U(N). Moreover, 
particular cases where the holonomy is SU(N) play a special role : in the absence of tor- 
sion, this means Ricci fiatness ; in the present case, the vanishing of the U(l) part of the 
Riemann curvature 

C — l^T^P 

writes : 

C^, = 29[^r,]=0 (32) 

where F^ = JpF(J^, (a priori not a vector), is found in holomorphic coordinates as 00 : 

Ti= i[di\ogdei\\g\\~2Vi] , Ti = -i[di\ogdei\\g\\ -2Vt\ . (33) 

Using the tensor C^,^, equation (^Sf) writes 

Ricij = DjVi + ^ Cij , Ricfj = D^Vi + ^ Cfj (34) 

Then SU(N) holonomy -^ C^u = , leads to a special case of "generalised quasi Ricci 
fiatness" (|TD with 

As a consequence, and as will be exemplified in subsection (3.3.2), SU(N) holonomy is a 
more restrictive requirement that the sole "generalised quasi Ricci fiatness" of Friedling 
and van de Ven. 



We use equations {UuM 24 ) 
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2.5 (2,0) versus (2,2) geometries 

Given a complex Riemannian manifold - J'^ being the complex structure - equipped with 
a metric g^i, and a torsion tensor T^^^p satisfying equations (|,||,H,||,||,H) , we address the 
following question : 

"does there exist a conformal transformation that transforms this (2, 0) geometry into 
a (2,2) one ", i.e. that relates the metric g^^^ and the torsion tensor T^j,p to a Kahler metric 
(jfj^i, (no torsion) through : 



_ -2/ 

(the positivity of the distance requires the reality of f ). 
The Kahler condition writes in complex coordinates : 

9ij,k 9kj,i ; 9ij,k 9ik,j 



(35) 



which leads, using equation (|T6]), to 

Tijk = 9ik,j ~ 9jk,i = '^{9ik9jf — 9jkdij) 

T'i'jk = 9lk~j ~ 9]k.i = '^{9ikdjf — 9]k(kf) (36) 

The vector V"^ is then a gradient : 

V, = T^, = 2(iV - mf ^Vi = T% = 2{N - l)dif . (37) 

This is a very restrictive condition as it means that the whole torsion tensor depends on 
a single real function f. Notice that equation (|36D may be rewritten as : 



T, 



ijk 



(iV-1) 



^ifc^j - ^Jfc^i 



- ijk 



9ik^j ~ 9jk^i 



The closedness relation (^) writes 

A^-2 



{N -1 
ViV' where V' = g'^Vj , V~^ = g'~^Vi 



(38) 



(39) 



Equation (|27D gives DiV^ = DjV^ and, for N ^ 2, DiVj = DjVi . As a consequence, 
the conformal factor e^-^ satisfies : 



Ae2/ -if 2f^Vidje^^ = 2f^didje^^ = 


= 4g^h'f[d,djf + 2djd-^f 


— Ap^f n'^^ 


V) rl-f \^ rl- f 1 


-[/fi-f 




^e g 


U^a-jJ X^Ojf 1 /jY_ -^^ ^«"^JJ 




2e^f 
N -I 


TV - 2 1 


= . 


and we have also 


Notice that using (13, P6D one 


has 







duj = 2lu A df. 
Finally, the scalar curvatures are related by : 

.-2/ 



R[9,T] 



Ri9,f.oH'-^^mi 



(40) 
(41) 

(42) 
(43) 
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3 (2,0) heterotic geometry in 2 complex dimensions 

3.1 The torsion tensor 

In that special case T^^^ has as many components as the vector Vi and from definition (|2^) 
one obtains : 

Tifk = QikVj - gfkVi (44) 



This relation is a duality one, first written in real coordinates in [|13 



T = e V" 



The closedness relation (^), when compared to equation (^) gives 

D.y' = DjV~^ = (45) 

and the scalar curvature reduces to : 

R = 2^'^'(9i6»jlogdet||^|| + 2Viyj) (46) 

3.2 From (2,2) to (2,0) supersymmetry through a conformal 
rescaUng of the metric ? 



When one compares equations (^4[) and (^^8]) , one sees that in 2 complex dimensions one 
gets conformal equivalence between (2,0) and (2,2) geometries, if and only if the vector V 
is the gradient of a real function : 

V, = 2d,f , V^ = 2djf (47) 

whith the constraints 

Ae^^ = A/ = (48) 

and, in that case, the scalar curvatures are proportional : 

R[g,T] = e~'^R[g,f^O] (49) 

We now construct somes examples of (2,0) heterotic metrics with particular isometrics. 

3.3 Special cases with Unear U(N) isometry 

3.3.1 Generalities 

Let us consider the special family of hermitian metrics gij {i,j = 1, .., A^) with linear U(N) 
symmetry 

N 

gfj = Ais)5i, + B{s)z'z^ , s = Y.-z'z' (50) 
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Defining C{s) = A{s) + sB{s) we have 

1 



9 



u 



A{s)^- 



Bis) 



z'z^ 



A{s)C{s) 
and det \\g\\ = A{s)C{s). From ([T6|), tlie torsion tensor is found to be Q : 



T,j-, = [A{s) -B{s)]{z^ik - z'6_ 



'jk) 



and its closedness gives 



d . : 



ds 



[Ms) - B{s)]6l'z''h^ + [A{s) - B{s)]6l'6f^ 



U ^-> 











(51) 



(52) 



(53) 



For N> 3, this implies A{s) — B{s) = which means that the metric is Kahler and that 
no torsion can be put on a manifold with such isometrics. For N = 1, the torsion tensor 



identically vanishes whereas for N = 2 (2 complex dimensions), equation (|53D gives 

L 



^^[s'{A{s) -B{s))] = 



A{s) 



B s) 



2s2 



In such a case, the vector Vi writes 



V,. 



- ki 



Ms) -B{s) 
A{s) 



dcf 



(9ilog7(L,s) 



(54) 



(55) 



Due to the reality of the functions A(s) and B(s) and consequently of 7(Iv, s), the looked- 
for metric is conformally equivalent to a Kahler one through the conformal transformation 
g = ■y{L,s)g (compare equations (|47|) and (0)). We then rescale the looked-for functions 
A{s) and C{s) according to : 



A{s)=-f{L,s)ri{s) , C{s)=^{L,s)fx{s) 
where, as a consequence of equations (|5^j55D we have : 



/i(s) 



d{sri{s)) d'j 

ds ' ds 



L 

2srj 



(56) 



(57) 



In this U(2) case, it is convenient to use the coordinates 



(7 ■ {4>+i') 

s COS -e 2 



6 A<t>-i') 

s sm -e 2 
2 



to write the distance 



dr' 



C{s] 
2s 



(ds)^ + 2sA{s){r]l + ril) + 2sC{s)ril 



(58) 



where the expressions for the r]i are given in subsection (5.1). 
^ A dot indicates a derivative with respect to the variable s. 
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The conformal rescaling then gives : 

dr' = 7iL, s) {l^idsf + 2a{sM + r,l) + 2s^rjl^ (59) 

where a{s) = sri{s). 

As mentionned in the Introduction, despite the large isometry group considered, (2,0) 
super symmetry is not sufficient to fix the geometry of the manifold : other constraints are 
needed. Three of them will be considered in this work : 

- more supersymmetries : see next section, 

-" generahsed quasi Ricci fiatness " as defined in the previous section, 

- scalar-curvature fiatness. 

3.3.2 Generalised Quasi Ricci fiat metrics 

Due to the linear U(N) isometry, the Ricci tensor is symmetric and, when compared to 
equations (^), conditions (^) write : 

Dj[W,-Vi\= (60) 

and : 

Dm-Vi\ = d^dj\og^^^ (61) 

Using equations (0,^), ( [HD| ) gives : 

Wi = Vi + kC{s)z' 
Equation ( |6lD then leads to : 

d(sA(s)) rf , / w N^/ NN L , , 



Under the conformal rescaling (|56|), this differential equation gives, after a first inte- 
gration [I 

^='eM'^^iL,s)a{s)) . (63) 

as a[s) 

We were not able to solve explicitly the system (K^,B1), but the distance (p9l) writes : 



dr' = -f{L, s) <j ^^ exp{-Kja){da)'' + 2(j{rii + ri'^) + ^^^ exY>{K-ia)ril I (64) 

and the geometrical objects are : 

Vi = di\og-f{L,s) , det llfifll = 7^(L, s) exp(fi:7(L, s)o-(s))/4 
RiCij = DiVj = DjVi , Ricfj = DjVi + —did-j[y{L,s)a{s)]. (65) 



^ An inessential integration constant has been suitably chosen. 
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In the special case k = 0, equations ( |60| , |6T]) give with (p^,^) : 

w, = v, , r, = r^ = 

and one gets SU(2) = Sp(l) holonomy. The isometries then enforce the solution to be 
Eguchi-Hanson metric with torsion | : 



^(.) = ^^^My^^TA^ , c(.^-^^^'') '' 



2s ' ' ' 2s Vs2 + A2 

L and A^ being constants and 

Vi = ddog^ms), det ||(7|| = ^-^ , R = 0. (67) 

This illustrates how one-loop finiteness, i. e. generalised quasi Ricci flatness is a less 
restrictive requirement than SU(N) holonomy. 



For vanishing torsion ( L=0 ), 7 is a constant which may be taken to be 1, and we 
recover the metric flrst derived by Bonneau and Delduc |T^ . Equation ( p3| ) integrates to : 



2 



s\o) = - 



d (68) 



1 - (1 + Ka)e 
where d is a real integration constant. This metric has a non- vanishing scalar curvature 



Ks'^{a)e'^''^ 



2a ) 
The distance ( |64|) specifles to : 

dr'="^Maf^2a{jf,^^l)^^-^^l . 
2s^\a) oe '^'^ 

Using this form of the distance, one can check that it is indeed regular for k, < and d > 0. 
We take for variable a G [cro,+oo[ where ctq is deflned by s(o"o) = 0. For a -^ +00 this 
distance is asymptotically flat ( similarly to the torsionless Taub-NUT ) and it exhibits 
a bolt n=2 for a ^ a^ { similarly to the torsionless Eguchi-Hanson ). This means that, 
starting for n = from an asymptotically locally euclidean metric we get, for k < 0, an 
asymptotically locally flat metric. 



which is discussed in subsect. (5.1) 



complex heterotic geometry 13 

3.3.3 Metrics with a vanishing scalar curvature 

When the isometry group is U(2), equation (E6[) gives 



R 



D + s{D) D L 



2 



C A 2s'^A^C 



where D = — logdet ||(?|| . (69) 



After the conformal rescaling (^6|), the condition R = becomes a L independent third 
order differential equation : 

d (b\ o ^ ij 
s— - +- + 2s- = 
as \a J o o 

which integrates in a first step to 

2 ( ^ 

o s — 

\ a 
and then the looked-for metric is given by : 

Ai,) = 2ihl>.(.,) , CM = 2lMEW±l£^(£)±ia 

s s a{s) 

d L d [a^js) + 2cais) + d] 

ds 2a{s) ds a[s) 

L, c and d being constants. The geometrical objects are : 

-f^{L,s)[a^ + 2ca + d] 



Vi = di\og-f{L,s) , det||5f| 



s 



2 



Ricij = DiVj = DjVi , RiCij = Ricji = DjVi + didj log . (71) 

As announced in subsection (3.3.1), these metrics are obtained through a conformal 
rescaling 7(1/, s) of the Kahler, scalar fiat 0, torsionless ones which are known as LeBrun 
metrics [|T2| . These last ones are asymptotically euclidean and regular for suitable choices 
of the parameters c and d. They give counterexamples to the Generalised Positive Action 
conjecture of Hawking and Pope |^|. On the contrary, for L 7^ 0, our metrics ([T0|), 



although still asymptotically euclidean, are always singular : we have checked this on the 
expression of the curvature tensor. 



In the special case c = 0, one recovers Eguchi-Hanson metric with torsion {d = — A ) 

A(.) = ^(My^^TP , c(.)-^(^'^) '' 



2 



2s ' ' ' 2s Vi^TA 

Let us emphasize that we have obtained a new and easy derivation of Eguchi-Hanson 
metric with torsion directly in complex coordinates. 

^ scalar flatness being conserved through a conformal transformation in 2 complex dimensions (ES). 
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3.4 More examples : Calabi metrics with torsion 
3.4.1 Generalities 



In [jT^ Calabi exhibits Kahler torsionless metrics in 2N real dimensions. He considers 
the special family of metrics with a linear 0(N) symmetry and depending only on N 
coordinates : 



Xi = z' + z' i = 1,..N 
gfj = A{s)6ij + B{s)xiXj 
Then, with C{s) = A{s) + sB{s) we have 



N 
i=l 



9' 



A{s)^'' 



Bis] 



Jb i^Jb ij 



A{s)C{s) 
and det \\g\\ = A{s)C{s). From (]T6|), the torsion tensor is found to be 



T, 



ijk 



[2i(s) -B{s)]{x,S. 



ik 



Xi6 



i<jjk) 



and its closedness gives 

2^[2i(s) - B{s)]S,yx,]Xi + [2A{s) - B{s)]5,y5k]i - (t 











(73) 



(74) 



(75) 



(76) 



For Nt^ 2, this implies a vanishing torsion tensor. On the contrary, for N = 2 (2 complex 
dimensions), equation (|76|) gives : 



d 
ds 



s{2A(s) -B{s)) 







2A(s) 



Bis] 



L 

s 



In such a case, the vector V^ writes 



K; 



rpk 

-'-ki 



2i(s) 



Bis] 



A{s) 



Xi 



dof 



<9ilog7(L,s) 



(77) 



(7^ 



Here again, due to the reality of the functions A(s) and B(s) and consequently of 7(L, s), 
the looked-for metric is conformally equivalent to a Kahler one through the conformal 
transformation g = 'yiL,s)g (compare equations i ^7\ ) and (fTSD). We then rescale the 
looked-for functions A{s) and C{s) according to : 



A{s)=^{L,s)r]{s) , C(s)=7(L,s)/i(s) 
where, as a consequence of equations ([77|J78D : 

L 

2r] 

We now add further geometrical constraints. 



/i(s) =r]{s)s—\og[sT]'^{s)] , s— 



(79) 



(80) 



10 



A dot indicates a derivative with respect to the variable s. 
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3.4.2 Generalised Quasi Ricci flat metrics 

Due to the linear 0(N) isometry, the Ricci tensor is symmetric and then equations 
hold. Using equations ( |77| , r75[ ), we obtain : 



mm 



and : 



1 det \\g\\ d . n, 

log — :r- = constant '^ -ri^V J 

as 



constant 



Then, the looked-for metric here also has SU(2) = Sp(l) holonomy and writes : 

l{L,s) s 



Ais) = ^-^V^Tx 



2^s 



C{s) 



2v^ y/7+X 



s^^^{L,s) 



L, 



s + \ 



^1) 



^2) 



L and A being constants and 



Vi = di\og-f{L,s) 



det ll^?! 



7'ms) 



Ricij = DiVj = DjVi , RiCij = RiCji = DjVi = DiVj , R = . 



(83) 



3.4.3 Metrics with a vanishing scalar curvature 

In this case, equation (|^) gives 

'D + 2sD D L^ 



R = A 



C 



A 



^,A^C 



where D = -- logdet ||(7| 
as 



U) 



After the conformal rescaling ([79D, the condition R = becomes a L independent differ- 
ential equation Q: 



{srj"^) 



(s?7^) 
which integrates in a first step to 



1 + s--log?7 
as 



d_ 
ds 



[sr]'^ 
[sr]'^ 



(sr)'^) 

ST] — : — = K, 
{ST]'^) 



Taking u = (s?7^(s)) as a new variable, one is led to a Riccati equation : 

du u 

We then find two families of solutions which hereagain are obtained from the torsionless 
case (L=0) through a conformal rescaling of the metric : 



"(^^^) = f(^^^) = f [f(V)] 
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- the quasi Ricci flat one (p2[) for k = 0, 



a new one, given tlirougli tlie following equations : 

h(v)-dK,(v) 



A[v{s)] = v[yi + L\ogv] 



Uv) + dKo(v) 



C[v{s)] = W7i + ^log.]^^^^;p^^^ (85) 

and where s = c^[Iq{v) + dKo{v)] defines the function v{s) ; L, 71, c and d are constants 
and I{v) and K{v) the usual Bessel functions. Moreover, 

Vi = (9ilog[7i + Llogw] , det||5f|| = i;^ [71 + Llogf]^ 

RiCij = DiVj = DjVi , Ricfj = Ricji = D-jVi + didj\ogv'^{s) . (86) 



4 (4,0) heterotic geometry 



We add to conditions d^-jg) for (2,0) supersymmetry, the following ones : 

- apart from the first complex structure, labelled as J3 , there does exist another one, 
Ji , integrable, covariantly constant and anticommuting with J3 : 



Ji.J^u = ~S^, (87) 



K^ = JiMJ^u - d.Jlx) - (/i ^ z/) = 



D^Jl = (89) 

^Ifi-Jsu = ^J-in^lv (90) 

- hermiticity : the metric is also hermitian with respect to the complex struture J^ 

a^xJl + J^a^u = (91) 

As a consequence (see for example ref. 0), 

^2/= J-S,Ji, (92) 

is a third complex structure, integrable and covariantly constant ; moreover the metric 
is also hermitian with respect to Ja^ and the triplet of complex strutures J^^ (a = 1,2,3) 
satisfies a quaternionic multiplication law : 

J:,JL = -K + '-b^Jc, with ei23 = +1 (93) 
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Moreover, the generalized Nijenhuis tensors 

A^aV = [Ja,idxJL - d^J^,) - (/i - u)] + (a^b) (94) 

vanish, which ensures the N=4 supersymmetry algebra ^. 

The sufficient character of equations (|87| - |9lD is often missed in the literature where (|93|j9^) 



are added as independent conditions although they are direct consequences of the others. 
The dimension of the manifold has to be a multiple of 4, and we shall now translate 
these new conditions in complex coordinates adapted to the complex struture J3 (see (p!T|)). 
As a consequence of equation (p^) , all components of the tensors : 



k;: = liJi - ^J2); , k; = ^iJi + ^J2)'; (95) 

vanish, but for 

Ki = Jl^ = -^A , i^ = 4 = ^4 (96) 

with i,j,i,j =1,2, ...2N. The hermiticity of the metric then implies the skew-symmetry of 
Kfj_i, and Kfj_i^ which therefore locally define (2,0) and (0,2) forms : 

uji — iuj2 = {Kl g-jf?)dz'^ A dz^ = Jukdz^ A dz'' 

oji + iu2 = {Kigf^)dz'' A dz'' = Jukdz' A dz^ (97) 

In this coordinate system, the covariant constancy of the complex structures Ji and J2 
implies : 

diK.k = Tl^Kik - T^Ki, , d,K,k = r',,Kik - VlKi, (98) 

and the complex conjugate equations. Multiplying equations (p8|) by {K^^Y'' = {Ky^ 
gives : 



\{K-y%K,, = -Vj 




^{K-y%K,k = -rL = V^.-9.1ogdetU| . 


(99) 


Then, with 




F = det 1 Kij 1 


(100) 


(K being a 2Nx2N skew-symmetric matrix ), we find 




V.^'-O.lo,^'^'l'\^' V^.4^1ogF 


(101) 



As a consequence FF* oc (det \\g\\)'^ ■ We emphasize that a priori F is a complex function. 
This will be important in the following (subsection 5.2). Notice also that F^ of equation 
( |33| ) is a true gradient vector : 



r^ = -I Of, log — — - 
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and then that C^^, vanishes. This is not a surprise as the holonomy is now Sp(N) C 
SU(2N). 

The function F being rescaled such that 

FF* = (det 11^11)2, (102) 

which has no consequence on the vector V^, equations p^) give : 

RiCij = DjVi , RiCij = DjVi (103) 



We obtain the special case of "generahsed quasi Ricci flatness" ( see ( pT]) ior W = V and 
X = —V ) that leads to SU(2N) holonomy (see subsection (2.4)). 

To sumniarize : (4,0) heterotic geometry implies, whatever the dimension of the man- 
ifold be, generalised quasi Ricci flatness 

Ric^, = D,V^ (104) 

where the vector V^ , related to the torsion tensor, is given by 

V^ =n,= \ddogF* , Vi =T%= \(h\ogF , FF* = {dei\\g\\f. (105) 

Notice that, in the absence of torsion, the Ricci tensor vanishes 0,0. Moreover, 
equation ( |104| ) generalises in 4N dimensions the corresponding one found in 4 dimensions 



131 where V^ is the dual of the torsion tensor 



Vi"'""- = ^e^.p.T^^'^ (106) 

Finally, the scalar curvature reads 

R = g'HD.Vj + D^Vi) = ^/(A^jlogF + DjAlogF*) (107) 

On the contrary of 4 dimensional case (as a consequence of equ. (^5D), it no longer vanishes 
on general grounds. 

If the function F is real (F = det \\g\\), equation ( |105| ) shows that V^ is a gradient, 
which reminds us the conformal equivalence relation (^). The conformal factor would 
then be 

e~'^f = (_p)2(jv-i) _ 

However, equation (^), the other condition for conformal invariance, does not hold on 
general grounds for N 7^ 2. We then specify to 4 real dimensions manifolds where, due 
to (|4^), it holds true. We are then in position to compare our results to previous ones 



obtained by Callan, Harvey and Strominger (in the appendix of [|T3)- They claimed that 
there exists a conformal rescaling of the metric, 

g = (exp20)^ (108) 
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where (p is defined through equations similar to ( |10CI| ) and the first of ( pQ]) ( of ref. [|T^ 
is equal to — | logF), such that an equation similar to (^) holds : 

AQ = Ae-^'l' = Ae'^^ = 0, A0 = A/ = . (109) 

Unfortunately, they implicitly suppose that their function is real, which, as will be shown 
on an explicit example (equ. ( p.46| ) in subsect. 5.2), is generally wrong. As a consequence 
and as explained in subsection (3.2), the"metric" g introduced by Callan et al., does 
not lead to a real distance, which is unacceptable. Then the assertion that "iV=4 world 
sheet supersymmetry imply that the [coresponding] sigma model metric is conformal to 
a Ricci Hat Kahler metric " is generally wrong. Rather, we have shown that the metric 
is a generalised quasi Ricci flat one with a vanishing scalar curvature. Notice also that 
they forget about the second of (p9D, then missing the relationship between (p and det ||f7||. 
Finally, the correct version of equation (|109|) is not the Laplace condition on function 
(f) when is a true complex function, but, using equation (^5]), valid in two complex 
dimensions, and result ( |105| ) : 

g'W,dj(P = g'Wjd,<f)* = 

^ A0 = g'^D.dj + D-d,)<j) = g'W-d,{<f)-<f)')y^O . (110) 

We now construct some examples of (4,0) heterotic geometries in complex coordinates. 



5 Examples of (4,4) and (4,0) geometries in complex 
coordinates 

In the construction of four dimensional hyperkahler metrics, the most useful tool was 



certainly the curvature self-duality requirement. This led to Eguchi-Hanson [Q and Taub 



NUT metrics which are particular cases of the multicentre metrics |T^. More recently, 
but following the same technique, Atiyah and Hitchin have obtained a genuinely new 
hyperkahler metric [^ which is deeply related with the dynamics of a system of two 



magnetic monopoles [21 



For all these metrics, at least one choice of holomorphic coordinates is known. They are 



given in [^ for Taub-NUT, in [^ for Eguchi-Hanson, in ||2^ for the multicentre and in 



23 for Atiyah- Hitchin. Furthermore, there are important examples, mainly due to Calabi, 



as 



for which the use of holomorphic coordinates was essential ||T 

Similarly, (4,0) geometries have been recently obtained by Delduc and Valent |]13 
extensions of Taub-NUT and Eguchi-Hanson metrics with torsion, using harmonic super- 
space and curvature self-duality. It is the aim of this work to explore the advantages of 
holomorphic coordinates : we shall give examples of these ones and compute for every case 
the vector Vi and the function F of the preceding section. 
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5.1 Eguchi-Hanson (with and without torsion) 



We extract from |T^ the vierbeins and the complex structures of Eguchi-Hanson metric 
with torsion : 



ei,2 = 7o(s)v^r/i,2 with ^7o(s) = ^2 _ ^2 ^ ^2 (l^^) 

The one forms rji (i=l,2,3) satisfy 

dr]i = -tijkVj^Vk (112) 

and can be parametrised in sherical coordinates as : 

Tji = -(cos0 dO + sin sin 6' dtp) 

772 = -{—siiKp d6 + cos sin 6' d-?/') 

r^3 = -{d(f) + cose dip) (113) 

The euchdean distance is (x'" = [s,9,(f),ilj]) 

3 
dr^ = el +^6^ = g^^dx^'dx" (114) 

and the complex structures two forms are 

uJi = Co A Cj - -eijkCj A 6^ . (115) 

One can check that in the following change of coordinates : 

x^[s,e,<p,ip] -. y'^[s' = s,e' = e,<p' = <p + (3 -Ms),^' = ^] 

with tan0o(s) = , , P constant , (116) 

V s^ — a^ 

Qfiuip, 0-^, lois)) transforms to g'^^^ = g^u{p = 0, a'^ = a^—p"^, 7o(s)). This means that under 
a conformal rescaling 7o(s), Eguchi-Hanson metric with torsion transforms to Eguchi- 



Hanson without torsion, in accordance with Callan et al.'s claim |IJ]. With regard to the 
complex structures 

fi = cosa a;3 + sin a (cos /3 a;i + smf3u2) = -Qf^udx^ A dx" (117) 



one obtains : 



^se = -7- /0 „ sin a cos(/3 + (p) 
4 vs^ — a^ 
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^ '(/it/' 



ll 



ll 



ll 



ll' 



ll 



cos a 



cos a cos 9 + 



v^ 



sin a sin 6* sin (/3 + 



s'^ — a^ + p^ sin a sin(/5 + — ^ol-^)) 



s cos a sin ^ + y s^ — a^ + p^ sin a sin(/? + — 0o(s)) 



—r\J^'^ — 0? + p^ sin a cos(/5 + — 0o(s)) 



:ii8) 



One can also check that in coordinates y^ 

As a consequence, the search for an holomorphic system of coordinates associated to the 
complex structure 



J = cos a Js +sina (cos/3 Ji + sin/3 J2) 



(119) 



is the same as in the torsionless case. 

In the looked-for coordinate system z'^(z*,^*), the complex struture tensor Q"^ must 
take the form ([Tl|) : 

(120) 



^^ = ^^i ^^ 



-^^i 



From 



we obtain the conditions 



a 






{K - K)d.z' 







1,2. 



:i2ii 



This homogeneous system of four partial derivatives equations can be shown to reduce 
itself to two independent equations : 



„ s cos a „ sm a 

-lOs'Z H 7;Os'Z + 



s^ — a'^ 



v^ 



/2 



sm 



cos 0' (9(9' -2 + — — -^{d^'Z — cosO'd^'z) 



sin 9 



(122) 



ido'Z — 



cos a 



sin^' 



-{d^'Z - cosO'dtf,') + 



+ sin a 



Vs"^ — a'^ cos (b'ds'Z — 



ys^— a 



/2 



S\Ti(t)'dA,iZ 



(123) 



Special solutions are obtained for a = (J3 diagonal) |2 

z^ = (s2-a'')^/^cos(^72)expz(0' + ^')/2 
^2 = (s2-a'2)V4sin(0'/2)expz((/)'-^')/2 



(124) 
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and for a = 7r/2 (Ji diagonal) 



'} = Vs^ — a'2 sin 9' cos 0' — is cos 9' 



^/s"^ — a'2 (cos 0' cos 0' + isin0') + is sin 6'' 



2;^ = iih' + log 

V/(^1)2 + a'2 

In the coordinate system ( |124| ), one obtains 

uji — it02 = {lo{s)Ydz'^ A dz'^ 
^3 = Wi'jdz" A (iz-' 



with 



9il 

922 



(7o(^))^ 
2 

(70(3))^ 



^ ' .2|2 I -'- Ul|2 



s^ — a'^ 



-2 + - -Z 

s 



■^ I 1|2 I ■'^ I 2|2 

'z \ + -\z \ 



s^ — a'^ 



12 



UT + \z 



912 

2|2 



(7o(^))^ g- 

2 s(s2 - a'2) 
t = Vs^ - a'2 



^2^1 



and 



det ||(7|| 

The torsion tensor is then obtained as 

L 



ilo{s)Y 



T 



2(s^ - a 



I2\ 



[{z dz - z dz )dz^ A dz + c.c^ 



(125) 



(126) 



(127) 



:i28) 



and its closedness is readily verified. 

Notice that with 7q changed to 7 , t = \/ s^ — a'^ changed to s and a'^ to — A^, one 
reproduces equations (^,[f^) . 

The vector Vi and function F are then obtained from equations (|97| , |100| , |101| and |126D : 



Vi 



'-di\og\ 



{lo{s)f 



'{lo{s)?Y 



(129) 



and 



dus = -t^3 Ac?(logdet||5f||) 
d{uJi-iuJ2) = -{uJi - iuj2) A d{\og F) . 



(130) 
(131) 



Here it is obvious that Callan et al' s assertion works : indeed Eguchi-Hanson with torsion 
is conformally equivalent to its torsionless counterpart, with the conformal factor 



=2/ 



(70(3))^ 
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The usual hyperkahler Eguchi-Hanson metric is obtained for L = ( 70 constant which 
may be taken to be 1) and, still in coordinates ( p.24| ) the Kahler potential is K(t) with : 



f^ = ^^±^ (132) 

dt 2t ^ ^ 

In coordinates ( p.25| ), corresponding to Ji diagonal, we found in the same limit L = p = 

K = ~. (133) 

5.2 Taub-NUT (with and without torsion) 

Here too we extract from [|l3l the vierbeins and the complex structures : 

eo = 7;7o(s)a(s)[ — ^ds + 2ps^/V3] ; 63 = 'yo{s)a{s)y/sa3 
ei,2 = 7o(s)a(s)(l + As)a/s(Ji,2 with a{s) = 



l + As)(l + p2s2) 
^nd ^7o^(.) = ^ (134) 

The one forms ai (i=l,2,3) satisfy 

dcTi = eijkCTj AfTfc (135) 

and can be parametrised in sherical coordinates as : 

0"! = -{—sinipdO — cos ip sin 6 d(f)) 

(72 = - {cos ip d6 — sin ip sin 6 d(j)) 

(73 = -{dip — cos 6 d(f)) (136) 

The euclidean distance is {x'^ = [s, 9, 0, ip]) 

3 

dr^ = el +^e,2 = gf^^dx^dx" (137) 



Let us define 

Ki = eoAci --eijkCjAek ; i,j,k = 1,2,3 (138) 

from which we deduce the complex structures two forms 

uji ±iu!2 = [(iisin-?/; — cos6'cos'?/')/Ci — (iicos-?/' + cos6'sin'?/^)/C2 

+ sin 9 /C3] exp ±Z(/) 
LO2, = sin^[cos?/' /Ci + sinip /C2] + cos6' /C3. (139) 
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We now look for a new system of coordinates z'^ , z"^ ,z^ , z"^ wich diagonalize the 
complex structures according to (pTj). With Q defined through (|117|) , one obtains 






ll 



2„2\ 



4(1 + p2s2 
4(l + p2s2' 



4(l+p2s2 



■ (1 + As) sin a sin(0 — (5) 

■[AssinQ;sin^cos6'cos(</) — /5) — cosa (1 + Assin^ ^)] 
■[sinasin0cos(0 — /9) + cos a cos ^] 
■[sina[(l + As sin^ 6*) cos(0 — /3) — ps cos 6* sin(0 — /5)] 



sil 



4(l + p2s2 

s7q sin 
~4(1 + p2s2) 



+ As cos a sin 9 cos 9] 
[sin a [cos 6* cos (0 — /3) — ps sin(0 — /3)] — cos a sin 6*] 



[sina[sin(</) — /3) + ps cos ^cos( 



ps cos a sin 0] (140) 



Here again, equations ( |121| ) give an homogeneous system of four partial derivatives equa- 
tions which can be shown to reduce itself to two independent ones. For brevity, we give 
them only in the case a = (J3 diagonal) : 



(i + ps cos 9)sdsZ + d^z — \s cos9 d^z = 



siii^ 9 sdsZ + sm9cos9d0Z — i{d^z + cos9 d^z) = 
Special solutions may be obtained in the form : 

z^ = —i(j) + log(ssin6') — log(l — zps cos ^) 



(141) 
(142) 



9 



iX 



z 



iip — log(tan -) + — log(l — ips cos 



2 p 

In this coordinate system, one obtains 

.s(7o(s))^ (1 — ips cos 9) sin 6* 



(143) 



LUi — IU)2 



l + p^S 



,2„2A 



exp — ^0 dz^ A dz^ 



1^3 = Wi]dz^ A dz^ 



(144) 



with 



9n 

922 
9l2 



silois)f 



cos'^9 



+ 



1 + As . 2n 

sm 9 



1 + As ' 1 + p'^s'^ 

s{lo{s)r ' 1 

8 1 + As 
g(7o(g))^ r cos 9 . ps 

8 1 + As * l + p2s2 



sin^ 9 



(145) 
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and 



det \\g\ 



8 



1 + p^s^ cos^ 6) sin^ 9 



The torsion tensor is then obtained but, as its expression is lenghty, we do not give it 
here. The vector Vi and function F then resuh from equations ( P7| , |l(J(J| , pin| and 144) : 



Vi 



and we have 



-d.hgF* ; F 

duJs 
d(uJi — 1002) 
d{ui + iuj2) 



8 



n 2 



1 — ips COS Oy siv? 6 



[l + p's 



2„2^2 



exp —2i(f 



(146) 



-a;3 A (d(logdet||(?||) + ^rf^log(— )) 
uji — iuJ2) A d\ogF 
1002) AdlogF*, 



2 

2(^1 



with the notations 

d = d' + d", 



d'' = t{d' -d"), d'f 






d"f 



z* 






/■ 



Notice the important difference with Eguchi-Hanson : here the function F is a complex 
one. One should wonder whether, in an analytic change of coordinates, the function F 
might become real. F being a determinant, logF -^ logF + h{z'^) . Then 



log 



p* 



log 



F' 



F 



h{z' 



A real F' then needs 



One computes 

log- 

and, for example 
F 



didj 



log 



. 



-4i0 + 2 log 



J?* 
ips cos 9) 



((1 + ips cos 6') 



-2(z^ 



-z') 



licj) 



did- 



"1^2 



log- 



^id^d- 



2t^2^ 



-%id2 



ps 



2(1 + As) 



1 + p2s2 
-2ipscose 7^0 

1 + XsY 



As a consequence, there is no conformal equivalence between this (4,0) geometry and an 
hyperkahler one and this gives a counterexample to Callan et al.'s assertion. 

Let us observe that, contrarily to Eguchi-Hanson's case, the new parameter p plays a 
distinguished role as it signals a new geometry. The second parameter in the torsion, L 
(■v^ the function 70(5)), can be re-absorbed by a conformal transformation which, by the 
way, is missing in the present status of the Harmonic superspace approach ||13|| . 

The usual hyperkahler Taub-NUT metric is obtained for p = L = ( 7o(s) constant 



which may be taken to be 1) and, in coordinates (|143|) the Kahler potential is : 



K 



1 + -As(l + cos^ 
4 ^ 



(147) 
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6 Concluding remarks 

We think to have clearly exemplified the advantages of using holomorphic coordinates to 
describe heterotic geometry. This enables us to obtain new and easy derivations of Eguchi- 



Hanson metric with torsion [13| and generalisations of the Kahler quasi Ricci fiat metrics 



of Bonneau and Delduc |T5[ and of the scalar fiat metrics of LeBrun ||T2 
We have also proven that, contrarily to Callan et al.'s claim [11 



even for a 4 dimen- 
sional manifold, (4,0) heterotic geometry is not simply conformally equivalent to a (4,4) 
HyperKahler one. 
It may be interesting to summarise the results in the language of the holonomy group : 



PROPERTIES 


no torsion 


with torsion 


real dimension N 
holonomy 0(N) 


susy (1, 1) 


(1, 0) heterotic geometry 


real dimension 2N 
holonomy U(N) 


susy (2, 2) 
Kahler manifold 


(2, 0) heterotic geometry 


real dimension 2N 
holonomy SU(N) 


susy (2, 2) 
Kahler + Ricci fiat 


(2, 0) heterotic geometry 
special quasi Ricci fiat space 
(W=-x=V where V is a vector 
related to the torsion tensor) 


real dimension 4N 
holonomy Sp(N) 


susy (4, 4) 

hyperkahler {—>■ Ricci fiat) 


(4, 0) heterotic geometry 
special quasi Ricci fiat space 
(W=-x=V where V depends on 
a single complex function F) 



Acknowledgements : the authors are happy to thank F. Delduc for useful discussions. 



References 

[1] B. Zumino, Phys. Lett. 87B (1979) 203. 

[2] L. Alvarez-Gaume and D. Z. Freedman, Gomm. Math. Phys. 80 (1981) 443. 

[3] C. M. Hull and E. Witten, Phys. Lett. 160B (1985) 398. 



complex heterotic geometry 27 



[4; 

[5 
[6 

[7 
[8 
[9 

[lo: 
[11 

[12 

[13' 
[14 

[is: 

[16 

[17; 
[1 

[19 

[2o; 

[21 

[22; 

[23 
[24 
[25; 



C. M. Hull, Nud. Phys. B 267 (1986) 266. 

E. Bergshoeff and E. Sezgin,Mod. Phys. Lett. Al (1986) 191. 

P. Howe and G. Papadopoulos, Nucl. Phys. B 289 (1987) 264, Class. Quantum. Grav. 
4 (1987) 1749, 5 (1988) 1647. 

Ph. Spindel, A. Sevrin, W. Troost and A.Van Proeyen, Nucl. Phys. B 308 (1988) 662. 

F. Delduc, S. Kalitzin and E. Sokatcliev, Class. Quantum. Grav. 7 (1990) 1567. 

L. Alvarez- Gaume and D. Z. Freedman," A simple introduction to complex manifolds" 
in Unification of the fundamental particle interactions, eds. S. Ferrara et al, Plenum 
Press, New York (1980). 

D. Friedan, Phys. Rev. Lett. 45 (1980) 1057. 

B. E. Friedling and A. E. M. Van de Ven, Nucl. Phys. B 268 (1986) 719. 

C. LeBrun, Comm. Math. Phys. 118 (1988) 591. 

H. Pedersen, Y. S. Poon, Class. Quantum Grav. 7 (1990) 1707. 

F. Delduc and G. Valent, Class. Quantum Grav. 10 (1993) 1201. 

C. G. Callan, J. A. Harvey and A. Strominger, Nucl. Phys. B359 (1991) 611. 

G. Bonneau, F. Delduc, Int. J. Mod. Phys. 1 (1986) 997. 

S. W. Hawking, C. N. Pope, Nucl. Phys. B 146 (1978) 381. 

E. Calabi, " A construction of nonhomogeneous Einstein metrics ", Proceedings of 
Symposia in Pure Mathemetics 27 (1975) 17. 

T. Eguchi and J. Hanson, Phys. Lett. 74B (1978) 249. 

S. Kloster, M. M. Som, A. Das, J. Math.Phys. 15 (1974) 1096. 

S. W. Hawking, Phys. Lett. 60A (1977) 81. 

G. W. Gibbons, S. W. Hawking, Phys. Lett. 78B (1978) 430. 

M. F. Atiyah and N. J. Hitchin, Phys. Lett. 107A (1985) 21. 

M. Atiyah and N. Hitchin, " The Geometry and Dynamics of Magnetic Monopoles" , 
Princeton University Press . Princeton (1988). 

N. Hitchin, Math. Proc. Camb. Phil. Soc. 85 (1979) 465. 

A. L. Besse, "Einstein Manifolds", Springer- Verlag. Berlin, Heidelberg, New-York 

(1987). 

G. W. Gibbons and C. N. Pope, Comm. Math. Phys. 66 (1979) 267. 

D. Olivier, Gen. Pel. Grav. 23 (1991) 1349. 

E. Calabi, Ann. Sci. E.N.S. 12 (1979) 269. 



